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map motive realization system
– $p$ Hodge
(1.2) Hasse-Weil L- $I\mathrm{c}’$
‘ $M$ $K$ motive $\text{ }$ $w$ $M$ weight $\text{ }$ A $M.\text{ }P$ realization
925 1995 43-52 43
( $I\iota’$ proper smooth scheme $X$ $M=H^{i}(X)(7^{\cdot})$
$w=i-2r$ , $=H_{\mathrm{e}’\mathrm{t}}i(X\otimes_{K}\overline{\mathbb{Q}}, \mathbb{Q}_{l}(7’))$ ) $M$ Hasse-Weil $L$ -
$L(M, s)= \prod_{\mathrm{p}}P_{\mathfrak{p}}(Ml, \# k(\mathfrak{p})-S)^{-}1$
$\mathfrak{p}$
$0$ $O_{K}$ $k(\mathfrak{p})$ $\mathfrak{p}$
$f_{\mathfrak{p}},$ $I_{\mathfrak{p}}$ Frobenius $\sim$
$P_{\mathfrak{p}}(V, T)=\det_{\mathbb{Q}_{l}}(1-.f_{\mathfrak{p}}\tau|V^{I}\mathrm{P})$





Riemann zeta $\text{ }$ Dedekind zeta $\backslash$ Dirichlet $L\backslash$ Artin $L\text{ }$ $L$
L- Hasse-Weil $L$ –
weight $w$ motive $M$ $L(M, s)$
$M=H^{i}(x)(r’)$
(1.2. 1) $s> \frac{w}{2}+1$
$L(M, s)$ $L(M.s)$
Beilison




(1.2.3) $w$ $s= \frac{w}{2}+1$
$L(M, s)$
$\mathrm{o}\mathrm{r}\mathrm{d}=\mathrm{r}\mathrm{a}\mathrm{n}\mathrm{k}$ ( $\mathrm{C}\mathrm{H}^{s}(X)/(\mathrm{h}_{0\mathrm{l}}\mathrm{n}$ . $\sim 0$ ))
(Tate ) CH Chow
(1.2.4) $w$ $s= \frac{w+1}{2}$
$L(M, s)$ $\circ \mathrm{r}\mathrm{d}=\mathrm{r}\mathrm{a}\mathrm{n}\mathrm{k}(\mathrm{c}\mathrm{H}(x)_{\mathrm{h}0}^{s}\mathrm{o}\mathrm{m}.\sim)$ (Birch,
Swinnerton-Dyer – ) Beilinson, Bloch, Gillet-Soul\’e
Height pairing $([\mathrm{B}\mathrm{e}1],[\mathrm{B}2|)$
(1.3) motive $M$ $r$ Tate twist motive $M(7^{-}\cdot)$ $L(M,$ $s+$






(2.1) $K$ $\mathbb{Q}_{P}$ $V$ $\mathrm{G}\mathrm{a}1(I_{\mathrm{k}^{F}}-/I\mathrm{i}’)$ p (resp.
$p$ ) $\mathrm{G}\mathrm{a}1(\overline{I}\prime_{\dot{\mathrm{t}}}^{\Gamma}/I_{1}^{\nearrow})$ $\mathbb{Q}_{l}$ (resp. $\mathbb{Q}_{P}$ ) vector
$(l\neq p)$ $T$ $V$ $1\mathrm{a}\mathrm{t}\mathrm{t}\mathrm{i}_{\mathrm{C}}\mathrm{e}\text{ }$ $\mathrm{G}\mathrm{a}1(\overline{K}/I\iota^{\nearrow})$
free $\mathbb{Z}_{l}$ (resp. $\mathbb{Z}_{p}$ ) -submodule $T\otimes \mathbb{Q}=V$
– (3.1) $H_{*}^{1}(K, V),$ $H_{*}^{1}(K, T)$ $(*=e, f_{j}g)$
$K$ $U$ $\mathrm{S}\mathrm{p}\mathrm{e}\mathrm{c}(.oI_{1}’)$
$T$ rank free A-module A $\mathbb{Z}_{l},$ $\mathbb{Q}_{\ell},\hat{\mathbb{Z}},$ $\mathrm{A}_{f}$
$K_{v}$ $v$
$H_{f,U}^{1}(K, T)$ $H^{1}(K, T)$ $H^{1}(I\mathrm{i}_{v}^{r},$ $\tau_{)}$
$\{$
$v\in U$ $H_{f}^{1}(I\mathrm{i}_{v}^{\wedge}, \tau)$
$v\not\in U$ $H_{g}^{1}(I_{1_{v}}F, T)$
$H_{\mathit{9}}^{1}(K, T)=1\mathrm{i}_{\mathrm{l},arrow}U\mathrm{n}H^{1}f,U(K, \tau)$
(2.2) Weil restriction $\mathbb{Q}$
$\mathrm{A}_{f}$ $\mathbb{Q}$ adele
motivic pair (V, $D$ ) data motive Betti real-
ization de Rham realization
(1) $V$ $\mathbb{Q}$ -vector $V.\otimes \mathrm{A}_{f}$ $\mathrm{G}\mathrm{a}1(\overline{\mathbb{Q}}/\mathbb{Q})$ $\mathrm{A}_{J}$.-linear
$V$ $\mathrm{G}\mathrm{a}1(\mathbb{C}/\mathbb{R})$
[motive $\mathbb{Q}$ proper, snnooth $X$ $H^{m}(X)(r)$
$V=H^{\dot{m}}(x(\mathbb{C}), \mathbb{Q}(7’))$ $(\mathbb{Q}(r)=\mathbb{Q}((2Ti)^{\Gamma}))_{\text{ }}]$
(2) $D$ $\mathbb{Q}$ -vector ltration $(D^{i})_{i\in \mathbb{Z}}$
[ $D=H_{\mathrm{d}\mathrm{R}}^{m}(X/\mathbb{Q})$ ]




$\theta_{p}$ : $D_{p}arrow \mathrm{D}\mathrm{R}(V_{p})\sim$
lteration $\mathrm{D}\mathrm{R}(*)=H^{0}(\mathbb{Q}, *\otimes \mathrm{B}_{\mathrm{d}\mathrm{R}}^{i})$
[ $V_{p}=H_{\mathrm{e}\mathrm{t}}^{m}’(X_{\overline{\mathbb{Q}}}, \mathbb{Q}p(r))$ $\theta_{p}$ $p$ Hodge
]
$p=\infty$




$P_{\mathfrak{p}}(V_{p}, \tau)$ independent of $p$
([BK] $De,J^{i_{7}}\iota ition\mathit{5}.\mathit{5}$ )
(2.3) motivic pair (V, $D$ ) $M$ $V$ $\mathbb{Z}$ -lattice $M\tau_{\angle}3\hat{\mathbb{Z}}\subset V\otimes \mathrm{A}_{J}$.
$\mathrm{G}\mathrm{a}1(\overline{\mathbb{Q}}/\mathbb{Q})$-stable




$R_{\infty}$ : $\Phi\otimes \mathbb{R}arrow\sim D_{\infty}/(D_{\infty}^{0}+1_{\infty}^{r}\text{ ^{}+})$
$R_{\mathrm{G}\mathrm{a}1}$ : $\Phi\otimes \mathrm{A}_{f}arrow H_{f,\mathrm{S}_{1}\mathrm{e}}^{1},(\sim \mathrm{C}(\mathbb{Z})\mathbb{Q}, V\otimes \mathrm{A}_{f}\cdot)$
$\Phi$
[ $X$ $\mathbb{Z}$ proper, regular model $\mathfrak{X}$
$\Phi=\mathrm{I}\mathrm{m}\mathrm{a}\mathrm{g}\mathrm{e}(H_{\lambda}^{\eta+}(4(\mathrm{i})x, \mathbb{Q}r)arrow H_{\mathrm{A}4}^{m+1}(x, \mathbb{Q}(\uparrow\cdot)))*$
$H_{\mathrm{A}4}^{m}(X, \mathbb{Q}(r’))=gr_{\gamma}^{r}(I\mathrm{i}’2r-m(x))\otimes \mathbb{Q}$
.







$V_{\infty} \bigotimes_{-}\mathbb{C}\cong D_{\infty}\otimes \mathbb{C}$ – $M\subset D_{\infty}^{0}\not\subset\uparrow \mathbb{C}$
















– (3.3) expornential map $(‘ \mathrm{e}\mathrm{x}\mathrm{p}’\ovalbox{\tt\small REJECT}$
$\exp$ : $D_{p}/D_{p}^{0}$ .. . $arrow A(\mathbb{Q}_{p})$ $p<\infty$
$0$ $p=\infty$
$D_{\infty}/D_{\infty}^{0}arrow A(\mathbb{R})$






( – (4.1) ) motivic pair weight -3
L- (1.2.1)









$R_{\infty}$ : $A(\mathbb{Q})arrow A(\mathbb{R})/A(\mathbb{R})_{\mathrm{c}_{\mathrm{P}}}\{=D_{\infty}/(D_{\infty}^{0}+V_{\infty}^{+})$
discrete co-compact $R_{\infty}$ $\mathit{1}4(\mathbb{Q})arrow A(\mathbb{R})$
$R_{\mathrm{G}\mathrm{a}1}$ : $A(\mathbb{Q})arrow A(\mathbb{Q}_{p})$ $\mathrm{T}^{r}\mathrm{d}\mathrm{m}(M)$
Taln$(M)= \mu(\prod A(\mathbb{Q}_{p})/A(\mathbb{Q})\mathrm{I}$
$p\leqq\infty$




$p$ -primary part III $(M)\{P\}$
(2.7). ( )
$\# I\Pi(M)<\infty$ .










$L$ - $L_{S}(V, S)$
$\mu=\prod_{p\in s}\mu p,\omega.\square p\not\in S\frac{\mu_{p,\omega}}{P_{p}(V,1)}$
. $|1 \mathrm{i}_{\ln}\frac{L_{S^{\tau}}(V_{S})}{s^{a}’}.|sarrow 0$
$a=\circ \mathrm{r}\mathrm{d}L_{S}(V, S)$
$s=0$
– \S 1 $\mathrm{G}_{m}(1)$
(2.8.1) weight $=-1$ ( $L-$ (1.2.4) Birch, Swinnerton-Dyer
)
motive $H^{m}(X)(r)$ $\Phi,$ $\Phi^{*}$ Chow homologically equivalent to
$0$
$\Phi=\mathrm{C}\mathrm{H}^{r}(X)\mathrm{h}\mathrm{o}\mathrm{m}.\sim 0^{\otimes \mathbb{Q}}$
$\Phi^{*}=\mathrm{C}\mathrm{H}^{\mathrm{d}\mathrm{i}(}\mathrm{m}X)+1-r(X)_{\mathrm{h}}\circ \mathrm{m}.\sim 0\otimes \mathbb{Q}$
motive projector $r_{\Phi},$ $\Phi^{*}$
$A(\mathbb{Q}),$ $A^{*}(\mathbb{Q})$ (1.2.4)




(2.8.2) weight $=-2$ (L- (1.2.3) Tate )
Artin motive (1)
$H^{0}(\mathbb{Q}, V^{*}\otimes \mathrm{A}_{f}(1))$ $\mathrm{C}\mathrm{H}^{r}/\mathrm{h}\mathrm{o}\mathrm{m}\sim 0$
$A(\mathbb{R})/A(\mathbb{Q})$ volume Taln$(M)$





. ([BK] Theorem 6.1)
$r\geqq 2$ motive $\mathbb{Q}(r)$ modulo 2
$\mathbb{Q}(\zeta)$ explicit reciprocity law
– (4.2) V $\mu(H1(I\mathrm{i}^{r}, \mathbb{Z}(\Gamma)))$
$r$ $A(\mathbb{R})=\mathbb{R}/(2\pi)^{r}\mathbb{Z}$ critical
(regulator ) $\mathrm{b}$ – V
$\zeta(1-r)=\prod\frac{\# H^{1}(\mathbb{Z}[1/p],\mathbb{Q}p/\mathbb{Z}(p?,))}{\# H^{2}(\mathbb{Z}[1/p],\mathbb{Q}p/\mathbb{Z}p(?))}p$
’
$\zeta(s)$ Riemann zeta Lichtenbaum ( regula-
tor ) Mazur-Wiles lllain
conjecure $([\mathrm{M}\mathrm{W}|)$
$r$ $A(\mathbb{R})=\mathbb{R}\oplus \mathbb{Z}/2\mathbb{Z}$ Beilinson
( ) – V
$(\cross.\cdot\cdot)$ $\# l\Pi(\mathbb{Z}(r))=[A(\mathbb{Q}) : \mathbb{Z}\cdot C_{r}]$
$c_{r}$ $H_{\lambda 4}^{1}(\mathbb{Q}(\zeta), \mathbb{Q}(r))$ Beilinson cyclotomic element
regulator map $\mathbb{R}$ $\zeta(r\cdot)$
$\mathbb{Z}\cdot c_{r}$ $A(\mathbb{Q})$
index free $A(\mathbb{Q})$ lattice $L$ $[A(\mathbb{Q}) : L]/[\mathbb{Z}\cdot c_{r}. : L]$
$c_{r}’\in H^{1}(\mathbb{Q}(\zeta),\hat{\mathbb{Z}}(r))$ Deligne, Soul\’e, Ihara Galois cohomology
cyclotomic element Beilinson [Be2] Chern class map
$H_{\mathcal{M}}^{1}(\mathbb{Q}(\zeta), \mathbb{Q}(\uparrow’))arrow H^{1}(\mathbb{Q}(\zeta),\hat{\mathbb{Z}}(r))$
$c_{r}$ $c_{r}’$.
( ) $c_{r}$ $c_{r}’$
( ) 1 $p$
ideal $A(\mathbb{Q})$ $I\mathrm{t}^{\nearrow}$
– $c_{r}’$ ( )
$=$ [ : ]
50
(3.2)
$p$ -part ( $\ell$ - )
([BK] Remark 5.15.2 ) $E$ Kolyvagin $\backslash$ Rubin
$E$ main conjecture $E$ ordinary reduction
$P$ $P$ -
$\langle$ ( $[\mathrm{B}\mathrm{K}|$ 7 , [K] )
modular –
(3.3) $M=\mathrm{s}_{\mathrm{y}\mathrm{m}^{2}}(H^{1}(E))(2)$
$E\text{ }\mathbb{Q}\text{ }$ modular elliptic curve $\text{ }\phi:X_{0}(N)arrow E\text{ }$ modular $\mathrm{p}\mathrm{a}\mathrm{r}\mathrm{a}\mathrm{l}\mathrm{n}\mathrm{e}\mathrm{t}\mathrm{r}\mathrm{i}_{\mathrm{Z}\mathrm{a}}-$
tion $M$ motive $\mathrm{s}_{\mathrm{y}\mathrm{m}^{2}}(H^{1}(E))(2)$ $M$ L-
$L(M, 0)= \int_{x_{\mathrm{o}()}}N$ (weight $=2\text{ }$ modular form)
$=\deg(\phi)\cdot\Omega\cdot c$
$\Omega$ period $C$ $E$ bad ( potentially good)
reduction Euler factors $\text{ }$ level $N$ “Manin constant”
([F] \S 0 Introduction )
$L(M, 0)=\#\mathit{1}\Pi(M)\cdot\Omega\cdot C’$ $(C_{\text{ }^{}\prime}\in \mathbb{Q})$
Flach [ $\mathrm{F}|$ “Euler system” $\deg\phi\cdot \mathit{1}\Pi(M)=0$
Fermat Wiles [Wi]
$\mathcal{O}$
$\mathbb{Z}_{p}$ $R$ $\mathcal{O}$ universal deformation $\mathrm{r}\mathrm{i}\mathrm{n}\mathrm{g}_{\text{ }}$ $\mathcal{H}$ $\mathcal{O}$
generalized Hecke algebra $Rarrow \mathcal{H}$ $\mathfrak{p}_{R}=\mathrm{k}\mathrm{e}\mathrm{r}(.Rarrow \mathcal{H}arrow \mathcal{O})$
$\#(\mathfrak{p}_{R}/\mathfrak{p}_{R}^{2})$ $R\cong \mathcal{H}$
semi-stable case - – $I\mathrm{i}=\mathrm{F}’(\mathrm{r}\mathrm{a}.\mathrm{C}\mathcal{O})$
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